1092

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 46, NO. 5, MAY 2016

On Input-to-State Stability of Switched Stochastic
Nonlinear Systems Under Extended
Asynchronous Switching
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and Yun-Bo Zhao, Senior Member, IEEE

Abstract—An extended asynchronous switching model is inves-
tigated for a class of switched stochastic nonlinear retarded
systems in the presence of both detection delay and false alarm,
where the extended asynchronous switching is described by two
independent and exponentially distributed stochastic processes,
and further simplified as Markovian. Based on the Razumikhin-
type theorem incorporated with average dwell-time approach,
the sufficient criteria for global asymptotic stability in probability
and stochastic input-to-state stability are given, whose importance
and effectiveness are finally verified by numerical examples.

Index Terms—Extended asynchronous switching, input-to-state
stability, Markovian theory, Razumikhin-type theorem, switched
stochastic nonlinear retarded systems (SSNLRS).

I. INTRODUCTION

WITCHED systems has been a topic of increasing interest

in recent years [1]-[3]. Informally, a switched system is
a family of dynamical subsystems with a switching rule gov-
erning the switching between them. Such models are used to
describe many physical and man-made systems with jumping
parameters or changing environmental factors [4]-[6]. During
the last decades, the control of switched system has received
considerable attentions [7]-[14].
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Recently, the stability problem at the boundary of
switched systems and time delay systems has received much
attention [15]-[22]. To design the mode-dependent controller
for a practical switched system, one should get the switch-
ing signal of the plant. However, due to unknown abrupt
phenomena such as component and interconnection failures,
delays in the detection of the switching signal have to be
considered, thus, enabling the so-called conventional asyn-
chronous switching [19]. Roughly speaking, the “conventional
asynchronous switching” is caused by the detection delay
of switching signal which results in the mismatched period
of designed controller in each subsystem and then dete-
riorates the system performance and then will deteriorate
the system performance. This marks the importance of the
stability analysis and control synthesis under asynchronous
switching. Many efforts have been made, for example, state
feedback stabilization, input-to-state stabilization, output feed-
back stabilization, fault-tolerant control, asynchronous filter-
ing, etc. [15]-[18], [23]-[26], just to name a few. However,
only the detection delay is considered in these works. In
reality, the existence of environmental noises, disturbances,
and small modeling uncertainties means that false alarm
(or detection error) is inevitable, which fails existing results
for asynchronous switching with only detection delays. In
what follows the control for a class of new asynchronous
switching system with simultaneous considering the detec-
tion delays and the false alarms will be considered. To
distinguish it from the conventional asynchronous switch-
ing, it is called the extended asynchronous switching system.
Compared to the conventional asynchronous switching, the
developed extended asynchronous switching in this paper can
better reflect the actual situation in practical switched system
control. In addition, it was shown in [27] that the nonzero
detection delay can make a closed-loop system unstable.
Therefore, the existence of false alarm will inevitably further
decrease the control performance. Thus, the so-called extended
asynchronous switching justifies its importance. However,
the coupled relationship between the true switching signal
and the random detection as well as the false alarm also
increase the complexity and difficulty of stability analysis for
such system. Moreover, to date switched stochastic nonlin-
ear retarded systems (SSNLRS) under extended asynchronous
switching have received little attention. All those motivate this

paper.
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To overcome the challenges faced and the limitations
found in the literature, this paper investigates the stochastic
input-to-state stability (SISS) for a class of SSNLRS under
extended asynchronous switching. First, an extended asyn-
chronous switching model is developed to describe the more
realistic situation of switching signal detection in the pres-
ence of both random detection delay and false alarm. Given
that the existence of various noises and uncertainties in
practical control, the detection delay and false alarm in prac-
tice are essentially uncertain and random. To describe such
phenomena, two stochastic processes are needed [28], [29].
As described in [28], we define the detected switching sig-
nal conditionally on the true one, and use two independent
exponentially distributed stochastic processes to describe the
detection delay and the false alarm, respectively. Then a prac-
tical model in which the Markovian theory is used to describe
the probability characteristic of the extended asynchronous
switching phenomenon. And the Razumikhin-type stability cri-
teria based on average dwell-time approach are developed
for the proposed extended asynchronous switching system.
Finally, the importance and effectiveness are validated by the
simulation studies.

The remainder of this paper is organized as follows. The
extended asynchronous switching model is formulated and
necessary definitions are given in Section II. The main results
are then discussed in Section III, with an example given in
Section IV. Section V concludes this paper. Some technical
details are included in the Appendix.

Notations: Throughout this paper, Ry and N denote the set
of nonnegative real numbers and positive integer, respectively.
R™ and R™ denote, respectively, n-dimensional real space
and n x m-dimensional real matrix space. For vector x € R",
|x| denotes the Euclidean norm |x| = (31, x})1/2. Let
T > 0 and C([—r7, 0]; R") denote the family of all continu-
ous R"-valued functions ¢ on [—t, 0] with the norm |¢]| =
sup{le(@)| : —7 <6 < 0}. Let C?-‘O([_T’ 0]; R™) be the family
of all Fp-measurable bounded C([—1, 0]; R")-valued random
variables £ = {£(0) : — 1t <60 <0}. Forp >0 and ¢t > 0,
let L‘;_-’([—‘C, 0]; R™") denote the family of all F;-measurable
C([—t, 0]; R™)-valued random variables ¢ = {¢p(#) : — 1 <
0 < 0} such that sup_, oo E{|¢(0)|’} < oo. The trans-
pose of vectors and matrices and the complement of set are
denoted by a superscript T and C, respectively. C"* denotes
all the functions with ith continuously differentiable first
component and kth continuously differentiable second
component.

II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following SSNLRS:

dx = f(t, x;, v, o)dt + g(t, x;, v, 0)dw (D)

with the initial state xp = {x(@) : —1 < 6 < 0} =
& e C_b}-o([—r, 0]; R™), where x(f) € R”" is the state vector,
xx = {x(t+0): —1 <6 < 0} is C([—t, 0]; R")-valued
random process, v(t) € L., is the control input. L. denotes
the set of all the measurable and locally essentially bounded
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input v(7) € R! on [fg, 00) with the norm
v(s)|| = inf sup{|v(w, 5)| : v € Q\A
vl aca o p{lv(w, s)| \A} o
V() llizg,000 = sup  [[v(s)l
SE[Z‘Q,OO)

w(t) is the m-dimensional Brownian motion defined on the
complete probability space (2, F, {F;}i=s, P), with € being
a sample space, F being a o-field, {#;};>4 being a filtration
and P being a probability measure. o : [fg, 00) — S (S is the
index set, and may be infinite) is the switching law and is right
hand continuous and piecewise constant on 7. o () discussed in
this paper is time dependent, and the corresponding switching
times sequence is {f;};>0. The ijth subsystems will be activated
at time interval [#;, #;41). Specially, when ¢ = ¢ (¢ is the initial
time), suppose o9 = o (fp) = ip € S. Moreover, f : Ri X
C([—7,0; R xR xS — R" and g : Ry x C([—7, 0]; R") x
R'xS — R™™ are continuous with respect to t, x(t), u(t), and
satisfy uniformly locally Lipschitz condition with respect to
x(t), u(t), and for any i € S, f(£,0,0,i) =0, g(¢,0,0,i) = 0.

Given that the true switching signal is not available for the
controller design in practical, in what follows, we are con-
cerned with the stability analysis of systems (1) under the
following state feedback control law:

v =h(t,x,u,0) 3)

where o’ = o () is the detected switching signal, u(f) € £X_ is
the reference input, and 4 : R x C([—1, 0]; R") xRk xS — R/
is measurable function with A(t,0,0,i) = 0, for any i € S.
For convenience, denote

f(t, xp, u,0,0") =f(t, X1, h(t, X0 U, o’), a)
g(t, X/ U, O, a’) = g(t, X1, h(t, X/ U, o/), 0)

and further, let ﬁ/(t, X, u(t)) and g;(t, x;, u(t)) denote the
corresponding function f(t, X, u(t),i,7) and g(t, x¢, u(), i, j),
respectively. Moreover, we assume that f, g satisfy the local
Lipschitz condition and the linear growth condition, hence, for
the closed-loop system

dx =]_C(l7 Xty U, O, O'/)dl + g(t, Xt U, O, a’)dw “4)

and there exists a unique solution on t > —r.

In practical control systems, due to the existence of environ-
mental noises, disturbances, and small modeling uncertainties,
nonzero detection delays, and false alarms may occur ran-
domly in the mode detection of the plant. In this case, as
in [28], the following model is assumed to describe the
characteristic of o’().

Assumption 1 [28]: The values of o(f) and o/(f) can be
divided into two cases: the quiescent case o (f) = o/'(t) = i
and the transient case o (f) = i, /() = j, j # i. In the first
case, only the true modes switches and false alarms may occur.
The latter case corresponds to the detection delay or to the
recovery from a false alarm. The only possible switch is thus
a switch of o/(¢) from j to i, corresponding to the end of the
transient, and this switch occurs on the average after 1/71;3
seconds. In mathematics, the cases are listed below.

Case I: When o () has switched from i to j, o’ (¢) follows
with a delay d that is an independent exponentially distributed
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Fig. 1. Redefinition of {£}};>0 on interval [1;, f;11).
random variable with mean 1/713-. This is written as
Plo'(t+ A) =jlo'(s) =i, s e [t", 1], 0(t") =j, o () =i}
_ {ngA +o(A), i#j )
1+ 7)A+0(A), i=].

The entries of the matrix, 10 = []TS]NXN e RV*N are
evaluated from observed sample paths, and

)= -3 ), (ni(])- > O,i;éj).
J#i
Case II: When o () remains at i, o/(f) has transitioned from

i to j occasionally. An independent exponential distribution
with rate ni} is again assumed

(6)

Plo'(t4+ A) = jlo'(s) = i, s € [, 1]}
_{n,.;AJro(A), i#j

7
L+7iA+o(D), i=j @

with a matrix, T1' = [711-;-]1\/X N € RVXN of false alarm rates,
which can also be valued from observed sample paths, and

n;:—zni},(ni}zo,i;ﬁj). )
J#E
According to [28], Property 1 then follows from

Assumption 1.
Property 1: According to Assumption 1, the greater Jri(; is

the faster detection response speed is, and the smaller 711-]1- is
the less of the number of false alarms is, where i,j € S. When
79 — oo and 7! = 0, the detection for the actual switching
signal is perfect.

From Assumption 1, under any time interval [t,, f;y+1),
where t,, tmy1 € {ti}1>0, the number of switches of o’'(¢)
can only be the following two cases: 2k + 1 and 2k, where
k > 0 is the switch number of o’(f) which caused by false
alarm. We assume o (t,,) = ip,. In the first case, o’ (¢) will first
switch to i, with responding to transient case, i.e., detection
delay process and the detection delay does not equal to zero.
After o/(f) = i, t € (tw, tms1), if a false alarm occurs, the
next switch is that o/(r) switch to i, (recovery from the false
alarm mode). Thus, before time ¢,,11, the total switch number
of o/(¢) is 2k + 1. On the other hand, if the detection delay is
zero, i.e., o/ (t,) = o(t,) = im, then total switch number of
o'(t) on [ty, tyy1) Will be 2k.

Let {£}};>0 denote the switching time sequence of o' (z), with
to =t and o’ () = o (to). For any i € N, U{0}, let N(tiy1, ;)
denote the number of switches of ¢’/ (¢) on [#;, f;11). Moreover,
as shown in Fig. 1, we subdivide the sequence {#}};>¢ into a

sequence of subsets, i.e., {t;};=0 = U;{t. 25 - - -, t;N(tiH’t’_)},
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such that (£}, 7, ...
assume that o(#;) = o'(t;) and o'(1) = o (1) = o (to) = io,
for any t € (f9,t;). Note that, for any i € N; U {0},
o(t7) = o'(t;) means that the switches between the subsys-
tems of switched system occur in the case that the controller
and the system operate synchronously. The hypothesis is com-
monly employed in the context in asynchronous switching
systems, in which there always exists the period that the
controller and the system run synchronously [15]-[19].

For any i € N, if the detection delay is nonzero,
then the controller mode is strictly synchronous with
the system in the following time intervals: [z},1,),
[, 1) - - [tl/'N(tH_] 4y i+1). For  simplicity, we define
Ts(to, 1) = [to, 1), Ts(ti, ti1) = Uj:1,3,“,,/(,,.+1/,,,) [t T 1))
a/nd Ty(ti, tiv1) = Uj=/0,2 ,,,,, Nisn—1 s ti'(j+1)), where
ti(N(ti+lvli) 41 tiy1, ty = t;. However, if the detec-
tion delay is equal to zero, then the controller mode
is strictly synchronous with the system on the follow-
ing time intervals: [, 1}), [’;27[;3)’~'-7[t£N(z,-+l,¢,-)vti+l)- In
this case, Ty(f;, tiy1) = Uj:0,2 ’’’’’ Ntiar ) [tl’-j, tl’.(jH)) and
Ta(ti, tiv1) = Ujzi 3, Neiarm—1 Wi 1))~ Clearly, it has
Ts(ti, tiy) (N Ta(titiv) = @, [titiv) = Ta(titiv) U
T (¢, ti+1). In the sequel, we let T,(t — s) denote the length of
Tu(t,s), for any t > 5 > 1.

To simplify the expression, the next definitions are needed.

Definition 1 [30]: A function o : Ry — Ry is said to
belong to class K if « is continuous, strictly increasing and
«(0) = 0. If « is also unbounded, then it is of class Kso. Class
CKso and VK functions are the two subsets of class Ko
functions that are concave and convex, respectively. A function
B:Ry xRy — Ry is of class KL, if B(-, 1) is of class K in
the first argument for each fixed r € Ry and B(s, f) decreases
to 0 as + — +o0o for each fixed s > 0.

Definition 2 [1]: For any given constants 7* > 0 and Ny,
let Ny (¢, s) denote the switch number of o (¢) in [s, t), for any
t > s > tg, and let

’t;N(ti+1,li)} C [, tix1). In the sequel, we

t—s
S[t*, No| = {0(-) Ny (t,s) < No+ — Vs € [ro,r)}.

Then t* is called the average dwell time of S[t*, Ny] and
T, 2 sup sup t— s/Ny(t,s) — Np is called the average dwell
1>1y t>s5>1)
time of o (-).
Definition 3 [32]: The solution of system (4) is said to be
SISS, if for any ¢ > 0, there exist L function B(-,-) and

K function y (-), such that
P{lx()| < BELIEN} 1 — 10) + v (lullig.n)} = 1= (9)

for any t > #p and & € Cg-o([—r, 0]; R™), where |lull[s,n =
SUPgeps,p lu(s) . Specifically, if u = 0, under the hypoth-
esis (9), the system is globally asymptotically stable in
probability (GASiP).

Definition 4 [31]: The solution of system (4) is said to be
pth moment input-to-state stable (pth moment ISS), if for all
IS Cg_-o([—r, 0]; R™) and iy € S, there exist KL function
B(-, ) and K function y (), such that

E{lx01"} < BE{IENP}, 1 —10) + v (Iullig,n), V2 = to. (10)
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III. STABILITY ANALYSIS UNDER EXTENDED
ASYNCHRONOUS SWITCHING

Based on the above developed extended asynchronous
switching model, this section presents the stability crite-
ria for the SSNLRS under extended asynchronous switching
controller. By using Razumikhin-type theorem and average
dwell-time approach, we give the sufficient conditions for
internal stability, i.e., GASiP and pth moment exponentially
stability. Using the internal stability criteria, then the exter-
nal stability criteria are developed, including SISS and pth
moment ISS.

For the sake of simplify expression, denote 7w
max;es ||}, 70 £ max; jes (), 71 £ maxies{|m;il), 7!

0 2
L

max; jes {7}, 20 = mines{|7)|), and x' £ minjes{lmjl).
Theorem 1: Let ¢ = supleNJr{t[ — 111} < oo. If there exist
functions o) € Koo, 02 € CLoo, 0 > 1, g > 1, 11 >0, Ay >
0, and V(x(1), 1,0 (t), o' (1)) € C>I(R* x Ry x S x S;Ry),
such that:
1) forallt>1t)—t

ar(Ix()]) < V(x(@),t,0(0),0' (1) < aa(lx(®)]) (A1)
2) there exists A € (0, A1) such that

E{LV(p(0),1,0(1), 0" (1))}

—ME{V(p(0),1,0(t), 0" (1))}
if r € Ts(t;, t14+1), 1 € N; U{0}
ME{V(p(0),1,0(1), 0’ (1))}
if t € Ty(ty, t1+1), 1 € Ny
(12)

provided those ¢ € L"]’_-t ([—7, 0]; R") satisfying that
min E{V(e(©), 1+ 0, i, )}
i,jeS
< qE{V(e(0). 1.0, 0' ()}  (13)
where

(14)

3) for any i,j > 1, the candidate function V(x(7), t, o (),
o'(1)) satisfies and

E{V(x(tl’j) t;] o(t), o/(tlfj))}
< uEHV(x(tl’.j), tg/, o (1), a’(t;(jil))”
E{V(x(t), t;, o (1), o' (t;)}
< kB{V (x@). ti o o0, 0 (1o )|
(15)
4) it exists Ay € (A2, 00) such that
MAr—-7<0 (16)

forany i > 1 and j=1,2,...,N(tix1, 1), with £y = 1;,
t(/)N(n,t()) = 1, = to, further, the average dwell time *
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satisfies T > In(uM) /A1, where
1
M= (t| +( - )2
B o 5»1+)_»2—£0 )_»1+)_»2—£O
2. ab ) T ]~1
Wo——= (N-1)=2|7'¢
x e[( h+ig—x0 (17)

then system (4) with u = 0 is GASiP.

Proof: Please see Appendix B. |

Remark 1: In Theorem 1, the assumptions (11) and
(13)—(15) are common conditions in the stability analysis
of switched stochastic time-delay systems [35]. The condi-
tion (12) is also commonly employed in the asynchronous
switched deterministic systems According to [18], while (16)
is set to restrict the conditions that the system (4) need to
be satisfied under the existence of detection delay and false
alarm.

Remark 2: For the detection of o (#), consider the following
two special cases. First, if 19 and 1! are set to 0o and zero,
respectively, there is no detection delay and no false alarm in
the mode detection, the closed-loop systems is a synchronous
case. In this case, the conditions (12) and (16) hold almost
surely. On the other hand, if I1! is set to zero while T° < oo,
the situation corresponds to only a detection delay, and
79 < 00, 7! = 0. Hypothesis (16) restricts the necessary con-
dition that the closed-loop systems need to be satisfied under
this case.

Remark 3: According to (16) and (17) and the average
dwell time t* in Theorem 1, one can see that the stability
of the extended asynchronous switching systems can be guar-
anteed by a sufficient small mismatched time interval and a
sufficient large average dwell time. Given that the mismatched
time interval in the developed extended asynchronous switch-
ing framework is usually caused by: the size of detection delay,
the frequency of occurrence from false alarms, and the length
of the recovery time from a false mode, it is further explained
as follows.

Case I: For any fixed A1, i, ¢, and 77!, a larger instability
margin A, (or A7) will be compensated by a larger 70 and/or
a larger average dwell time t*. Since 70 = mini€3{|n8|},
a larger 7° can be obtained by increasing |7'[8 | or decreas-
ing nl-?. The larger |7ng| is the smaller of the detection delay
for mode i is. Thus, when JTS increases, if 70 = max,-’xeg{ng}
is nonincrease, a lager instability margin can be compensated
by a small detection delay; however, if 79 is also increased, a
larger average dwell time * will work, and the larger instabil-
ity margin will be compensated by a smaller detection delay
and a larger average dwell time t*.

Case II: When A, u, and ¢ are fixed, and we assume EO
and 7° do not change through a fixed constant ng (i,jesS),
then if the instability margin A, (or X2) increases, M will also
increase. In this case, the larger M can be compensated by a
smaller 77! or a larger average dwell time 7*. Note that, a fixed
constant ng (i,j € 8) means that the time costs of the detection
of true modes and the recovery from a false mode do not
change on the average. Given that 7l = max;, jeg{nil-}, 7! can

ij
be reduced by decreasing ni}. Then the number of false alarms
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will decrease, and consequently, the mismatched time from
false alarms will also decrease, which can well compensate
the impact of larger instability margin.

Using the GASIP criterion in Theorem 1, one can further
obtain the following SISS conditions.

Theorem 2: Let ¢ = supleN+{tl — 111} < oo. If there
exist functions y € K, a1 € VKs, a2 € CKoo, 1 > 1,
g> 1,2 >0, >0 4 € (0,A1), 22 € (A2, 00), and
Vx(0),t,0(t), 0’ (1) € C*'(R" x Ry x S x S; Ry), such that
hypotheses 1), 3), and 4) in Theorem 1 hold, and

)] = ¥ (lulli.00)) = E{LV(0(6). 1. 0(1), 0" (1))}
—ME{V(p(0),1,0(t), 0’ (1))}
t e Tyt tr1), 1€ Ny U{0}
ME{V(p0),1,0(1),0' (1)}
1€ Tyt ti41), 1€ Ny
(18)

provided those ¢ € LI;-'; ([—7, 0]; R") satisfying that
i{ﬁleigE{V(w(G), 14+6,i, )} < qE{V(¢(0),1,0(1), 0" (1)}
19)
where
(20)

Then, system (4) is SISS.

Proof: The proof is similar to [27, Th. 4.1] and is thus
omitted. |

Remark 4: Despite the similarities of Theorem 2 in this
paper and [27, Th. 4.1], the following essential differences
are observed.

1) Due to the existence of mismatched time interval which

caused by detection delays and false alarms, after the
state trajectory enters the set ‘B, there still exists a
chance to leave it. This complicates the system and is
different from the normal asynchronous case in [27].

2) The system in this paper is deterministic switched

system while the system in [27] is Markovian switching.

3) Kang et al. [27] considered only the detection delay

while this paper considered both nonzero detection delay
and false alarm. The inclusion of false alarm makes the
extended asynchronous switching model in this paper
more practical.

Corollary 1: Under the assumptions in Theorem 1
(Theorem 2), if functions «p, op satisfy oy(s) = cy1s”,
ax(s) = cpsP, where ¢; and ¢ are positive numbers, then
system (4) is pth moment exponentially stable with u = 0
(pth moment ISS), for all T* > In(uM)/A;.

IV. SIMULATION STUDY

In this section, the general Razumikhin-type theorems estab-
lished in the previous section will be extended to deal with the
input-to-state stability of switched stochastic nonlinear delay
system.

For a simulation purpose, consider a special class of
switched stochastic perturbed system

dx = [Agx + Byvldt + g(t, x(t — d(1)), o)dw (1)
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where g : Ry x R" x § — R” is unknown nonlinear function
satisfying the local Lipschitz condition and the linear growth
condition, and [|g(7, x(t — d()), D)2 < IUix(t —d(®) 2, || - I2
denotes the two-norm, for any i € S. U; is known real constant
matrix, and 0 < d(f) < 7. Design v(t) = Ky)x(t) + u(t).
Then, the closed-loop system is

dx = [Agx + By Ky'x + Bouldt + g(t, x(t — d(t)), o)dw.
(22)
From Corollary 1, one has the following corollary.

Corollary 2: System (22) is the second moment ISS for all
¥ > In(uM) /A1, where

1
—70 —70 ’
M=04pn| = < + | = =
A+ rp—n0 A+ Ay —n0

-0 N
X e =

if for all i,j € S, there exist Xjj = X > 0, A > 0, A2 > 0,
Mo > 0, and Ayg > O such that (24)—(27) hold, i.e., (24), as
shown at the bottom of the next page

(23)

20X X;UTT
|: LO ii _llill <0 (25)
Br°
I, X Xii
1
* —n—ﬁX,',- 0 <0 (26)
* * -0 |
—r20Xy; XU
|: 2044j i 5 i < 0 (27)
* _ﬁ_ZI i

where T} = AX; + XAl + YIB! + B;Y; + e1B:BI +
(A1 + ) Xii, Tl = XGAT + AiXy + Y] Bl + BiY;; + e2B:B] —
92 + JT]-(I?)XI“, e1,& > 0; there exist ¢ > 1, such that
Al = A1 —qhiio > 0; and

Mt o< q

)A»l+3»2—£0<0

(28)
(29)
where A2 = A2 + gh20, A1 € (0, 1), and Ay € (A2, 00).

Proof: See Appendix C. |
Example 1: Take the following parameters for system (22):

2 1 -1 2 0.1 0
w=lo o=l A=l o)
30 -2 1 0 0.1
Az:[z 3]’ 322[0 2}’ U2:|:0.1 0}
and g(t,%(1), 1) = [0.1cos(t)x1 (t — d(1)), 017, g(t,%(1),2) =

[0.1sin()x(t — d(2),0.1x1(t — d(1)]T, where X(1) =
x(t —d(1))d(t) = 0.2sin(¢) with 7 = 0.2, and

0.2

02 |

o__|—100 100 1| =02
H_[SO —s0] =] 02
Then conditions (24)—(27) can be satisfied with A; = 10,
A =59182, A10=0.1, A0 =0.1, 61 =7, 2 =2, u = 1.38,
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x 10
2
— (x0=[1 ,-0.8]
15} - = = xylxgl1-08]
—
s 4 0 |== X, (x=[~1,0.8]
% “““““ x2(x0=[—1,0.8]
> o05f
Ny
=
2
= 0
<
2 05 :
& E
s
2 4t T
2 :
15}
) 2 4 6 8 10 -2 : ; : : |
Time(Sec) ° : ’ . : ’

Time(Sec)

Fig. 2. Brownian motion w(r). Fig. 3. State response curves of open-loop system.

B1 = 1.6956, B> = 1.5955, and, moreover =
o
[ 0.4491  —0.0001 ] E
| —0.0001  0.4484 | 8
[ 0.5877  —0.0005]
| —0.0005  0.5877 |
[ 0.5877  —0.0005 ] » ‘ | I
| —0.0005  0.5880 | Nl :! ‘‘‘‘‘ 181"
b, _ [ 04483 —0.0034] g 127.,*,...._...._. o e Sl
271 -0.0034 04509 | R ]
[28.9391  7.3873 5.8094  —3.4292 ‘ ‘ ‘ ‘
K = Ky = 20, 2 4 6 8 10
| 7.4055  9.2980 —33107 —6.9532 Time(seo,
and Q = diag[0.1873, 0.1873]. (b)

Take 4= 7.5, then A; =9.25 and A3 = 6'668%’ and further, Fig. 4.  State response curves of closed-loop system under normal asyn-
conditions (28) and (29) can be satisfied with A1 = 9.1575,  pronous switching controller with 1 = [2¢=0-57, 4¢=08117 . (a) Switching
A2 =6.7349, 7° =100, #! = 0.2, 7' = 0.2, and 7° = 80. signal. (b) State.

Take ¢ = 10, then M = 125.0134 and t* > 0.5624 s. Then,
system (22) is the second moment ISS with average dwell time
™ =0.6s. and obviously the open-loop system is unstable. On the other

The first set of simulations is to verify the necessity of hand, Figs. 4(b) and 5(b) present, respectively, the state tra-
performing the research on extended asynchronous switching. jectories of closed-loop system under normal asynchronous
The simulation results are shown in Figs. 2-5. Among them, switching controller and extended asynchronous switching
Fig. 2 shows the response trajectory of the Brownian motion controller (note that, it does not satisfy the conditions of
w(t), while Fig. 3 gives the state response curves of open-loop  Corollary 2, because the average dwell time of the true switch-
system (21) with the true switching signal given in Fig. 4(a), ing is set to be less than 0.5624 s), where Figs. 4(a) and 5(a)

B! Xij Xii Xii Xii Xii Xii 7]
* =X 0 0 0 0 0
il
1
* * ——Xpn - 0 0 0
T &
S e (O 0 0 0 |<o (24)
* * * * * —nll Xirny - 0 0
i(i+1)
*
* * ——T1T AN 0
Tin
L * * * * * * * * -0~
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o(t) and G°(t)

ol —_— 11081 8

o = =l1081T) §
g ‘‘‘‘‘ X, (x=1-1.08] ") g

26 x,(x=1-1081")

0

_2 ! y : :
= 2 4 6 8 10
Time(Sec)

Fig. 5. State response curves of closed-loop system under extended asyn-
chronous switching controller with u = [2¢~9°7 4¢=0-817T  (a) Switching
signal. (b) State.

25

(t)

'(t) which satisfies the desired conditions
’(t) which doesn't satisfy the desired conditions
ol o 1 T | £ i

O
(o2
c

o(t) and o'(t)

05 s s s s
Time(Sec)

Fig. 6. Switching signal o (¢) and the detected o’ (?).

x10"

[0,0"

The state x(t) with v

_2F , 4

3+ ‘ R

_4 . . . . .
0 2 4 6 8 10

Time(Sec)

Fig. 7. Open-loop state trajectory.

give the switching signals including the true one and the
detected one, respectively, with the same true switching sig-
nal. Comparing the two results, one can find that the false
alarm has a great influence on the control performance, which
further verifies the necessity and importance of the extended
asynchronous switching system.
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Fig. 8. Closed-loop state trajectory with u = [0, 017 under strictly

synchronous switching controller.
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Fig. 9. Closed-loop state trajectory with u = [0.5,0.5]7 under strictly
synchronous switching controller.
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Fig. 10. Closed-loop state trajectory with u = [2¢~0-5 4670817 ynder
strictly synchronous switching controller.

To demonstrate the effectiveness of the results, the stability
under several switching cases are considered, which include
the strictly synchronous switching, the desired extended asyn-
chronous switching and the undesired extended asynchronous
switching. The simulation results are shown in Figs. 6-16,
with the Brownian motion w(f) given in Fig. 2. Among
them, Fig. 6 shows the true switching signal and the detected
switching signal in the presence of detection delay and false
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Fig. 11.  Closed-loop state trajectory with u = [0, 017 under extended
asynchronous switching controller which satisfies the desired conditions.
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Fig. 12. Closed-loop state trajectory with u = [0.5, 0.5]7 under extended
asynchronous switching controller which satisfies the desired conditions.
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Fig. 13. Closed-loop state trajectory with u = [2¢70-5 4¢=0-81T

under extended asynchronous
desired conditions.

switching controller which satisfies the

alarm, where o (f) is the true switching signal with the
desired average dwell time t* = 0.6, ¢’/(r) with modes
1.05 and 2.05 is the detected switching signal which refers
to the desired detected signal (the detection parameters are
n’ = [-100, 100; 80, —80], TI! = [-0.2,0.2;0.2, —0.2],
all the conditions in Corollary 2 are satisfied), while o’ (r)
with modes 1.1 and 2.1 is the undesired detected one.
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Fig. 14. Closed-loop state trajectory with u = [0, 017 under extended asyn-
chronous switching controller which does not satisfy the desired conditions.
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Fig. 15. Closed-loop state trajectory with u = [0.5,0.5]" under

extended asynchronous switching controller which does not satisfy the
desired conditions.

Here, we take mn = n! = [—10, 10; 10, —10], thus (29)
is not satisfied. Note that both mode 1.05 (mode 2.05) and
mode 1.1 (mode 2.1) are referred the mode 1 (mode 2),
and these different values are to make clearer illustration.
The rest of the figures, Figs. 7-16, show the state trajecto-
ries with initial data xop = [ & 1, :FO.S]T. First, Fig. 7 shows
the open-loop state trajectory under the true switching signal
o(t) in Fig. 6. Obviously, the open-loop system is unstable.
Figs. 8-16 show the response curve of the state trajectories
when the average dwell time of the true switching signal is the
desired one. Among them, Figs. 8-10 show the stability under
strictly synchronous switching controller, with reference input
u = [0,0", u = [0.5,05]", and u = [2¢70, 4708,
respectively. Similarly, Figs. 11-13 show the stability under
the desired extended asynchronous switching controller,
while Figs. 14-16 are performed under the undesired
asynchronous switching. From Figs. 8-10, the closed-loop
system under strictly synchronous switching controller is
stable, in other words, one can claim that the designed
controller with considering both detection delay and false
alarm (or the designed controller under extended asyn-
chronous controller) are also suitable for the synchronous case.
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Fig. 16. Closed-loop state trajectory with u = [2¢~0-5 460817 ynder

extended asynchronous switching controller which does not satisfy the desired
conditions.

From Figs. 11-13, one can find that the designed controller
based on the proposed theory can stabilize the switched sys-
tem with both nonzero detection delay and false alarm in
detection. Compared to Figs. 8-10, one can also find that the
asynchronous phenomenon caused by the nonzero detection
delay and false alarm has a great impact on the stability. This
point can also be further verified by Figs. 14-16. From the
results in above three cases, one may infer that the stability of
extended asynchronous switching can be guaranteed by a suf-
ficient small mismatched time interval, it is in accordance with
Remark 3.

V. CONCLUSION

The input-to-state stability of a class of SSNLRS under
extended asynchronous switching is investigated. In such sys-
tems the switchings of the system modes and the desired
mode-dependent controllers are asynchronous due to both
detection delays and false alarms, which feature is different
from normal asynchronous switching. Through some sim-
plification, an extended asynchronous switching model is
developed. Then, based on Razumikhin-type theorem incorpo-
rated with average dwell-time approach, the sufficient criteria
for asymptotic stability as well as input-to-state stability are
proposed. It is shown that the stability of such systems can
be guaranteed by a sufficient small mismatched time inter-
val and a sufficient large average dwell time. Finally, the
importance and effectiveness of the stability criteria for the
extended asynchronous switching system are demonstrated
by simulation studies. In the future the developed results
are expected to extend to systems with nonexponential dis-
tributed detection delays, false alarms, and nonsynchronous
controller.

APPENDIX A
SOME LEMMAS
Lemma 1: For any given V(x(1),t,0(t),0'(t)) € C>!
R" x Ry x § x S; Ry), associated with system (4), the dif-

fusion operator LV, from C([ —7,0]; R") x Ry xS xS to R,
can be described as follows.
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Case 1: When o = ¢’ =i, we have

LV (xp, t, i, 1) = Vi, t, 0, i) + Vi(x, £, 6, )fii(t, X, u)

N
+ ) Vx ik
k=1

1
+ Etme[g;{(t, X, Ve (5, 1, 6, )it (1, X1, u)].
(30)

Case 2: When o’ =j, 0 =i, and j # i, we also have

LV, 1) = Vil 1, 1)) + Vi, 1 6 Dyt 51, 1)
0 L. 0 ..
+ njiV(x, t1, l) - njiv(-x9 1, lv.])

1 _ -
+ Etrace[gg(t, xp, ) Vi (x, 2,1, /) 8ij (8, Xy, u)]
€2))

where i,j € S.
Proof: The proof can be got directly from [28] and [33]. &
Lemma 2: LetV = eMV(x,t,0,0") forall > 0and 1 > 0,
then

DYE{V} = E{LV} = A¢"E{V(x. 1,0, 0")}

+ e’\’E{EV(xt, t, 0, o/)} (32)

for all ¢+ > 0, where DTE{V} = limsup,,_, o+ E{V(t + d5)}—
E{V(r)}/dt.
Proof: 1t follows directly from the constructive proof given
in [27, Proof of Th. 7.3]. |
Lemma 3 [34]: Let o (t) denote a continuous-time Markov
process with transition rate matrix [m;jlyxn € R¥*N then

L (DF

P{Ny(1,0) =k} < e 0

for any k > 0, where 7 £ max;cs{|mii|}, 7 = max; jes{mi},
and N, (t,0) denotes the number of switches of o (¢) on the
time-interval [0, #].
Lemma 4: For any i > 0, we have
k=1
effr'(ml*ti) (ﬁl(fitcl_l"i)) 2

2
k is an odd number
P{N(tit1, 1) =k} < B «
— (tig1 —t) (L1 =10) 2
ky
£y
k is an even number

e

for any k € N4 U {0}.

Proof: Let N1 (ti+1, t;) denote the numbers of switches from
false alarm on time interval [#;, t;11). Next, we will complete
the proof by considering the following two cases: N(ti+1, t;) =
2k + 1 and N(tit+1,t;)) = 2k, where k € Ny U {0}. From the
Assumption 1, one can obtain Ny (tiy1,%) =2k+1—-1/2=k
in the first case, while Ny (#11, t;) = 2k/2 = k in the second
case. Then, similar to Lemma 3, it follows:

2k+1—-1
P{N(tiy1, ) = 2k + 1} < PI{N (i1, 1) = ————

2

. Wk
- e*ﬁl(liﬂffi) (7T (tir1 — [l))
- k!
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and

2k
P{N(tix1, t;) = 2k} < ]P){Nl(ti+ls ) = —}

2
N (7 (i1 — t-))k
< e_ﬂl(tiJrl_ti) i+1 1 )
- k!
Thus, we complete the proof. |

Lemma 5: For every i > 0, the moment generating function
E{eNUi+1:10} of N(t;,1,1;) satisfies

E{eSN(fi+lafi)} < (1 +es)e(e237'r1—ﬁl)(ti+|—ti)

for any s > 0.
Proof: Based on Lemma 4, we have

E{ESN(IH—]’”)} — Z eSk]P){N(ti+1, tl) — k}

k=1,3.5,...
k
+ Y. PN, 1) =k}
k=0,2,4,...
(7! )%
K il (T (i1 — 1)
< sk ,—7 " (tiy1—ti)
= ) e =1,
k=1,3.5,... 2 -
(' 1 = 1)
sk~ (1 T Uikl — 1)
+ Z ¢e I ky
k=0,2,4,... 2°
1, Wk
= Y kDA (7 i1 — 1))
!
k=0,1,2,... ke
(7 (tir1 — 1)"
+ 25k o=t (ti1—11) i+l
!
k=0,1,2,... ke
— (1 + es)e(ez‘?frl—ﬁl)(l,-ﬂ—ti)'
Thus, we complete the proof. |

Remark 5: Following the proof of Lemma 5, it follows:
E{N(tiy1, 1)} < (1 + 4ﬁlg)eﬁl§

where ¢ = sup;ey, {f1 — 111}

APPENDIX B
PROOF OF THEOREM 1
Proof: According to (32) in Lemma 2, it has

D+IE{V(x, t, 0, a’)} = E{EV(X,, t, 0, 0’)}

for all ¢ € Ts(ty, ti41) U Ty (8, t141), [ € N4
On the one hand, from (11), using Jensen’s inequality,
it holds

(33)

E{V(x, 1,60, i0)} = E{V(x,1,0,0")}
< Efoa(IxD} < a2 (E{lE11})

for any ¢ € [ty — 7, tp].
In the following, we prove that when ¢ € [tg, #1):
E{V(x. 1, ig. ip)} < aa (E{|§[[})e "¢, (34)

Suppose (34) is not true, i.e., there exists some t € (tg, t1)
such that

E(V(x(£). 1. io, i0)} > e (B{[I€[[}e 1~

1101

Let r* = inf{t € (1,11) E{V(x(0), t, iy, i0)} >
ar (E{||&]|)e~*10—)} By the continuity of V(x(¢), t, io, io)
and x(r) on [fo,t;), we have * € [fp,t;) and
E{V(x(r%), 1*, i, i)} = a2 (B{||E]He 1T ~0)  Further, there
exists a sequence {7,} (7, € (f*, 1), for any n € N,) with
lim,,_, 0 I, = t*, such that

E{V(x(5a), ). 0, i0} > aaE(J€][})e 10),
Then, from the definition of #*, we have
E{V(x(t* +6), 7" + 6. o, i0)} < e ME{V(x(r*), *, io. i0))
< gE{V(x(r*). *, io. i) }

(35)

and further

min E{V (x(r* +6), 7 +6,1,j)} < qB{V(x(¢), ", io, iv) )

ijeS
for any 6 € [—t, 0]. Then, based on (12) and (13), it holds
DYE{V(x(r*), %, i0, io)} < —ME{V(x(r*), ", i0. i) }.  (36)
Without loss of generality, it has
DTE{V(x(¢*), t*, o, i0) } < —ME{V(x(r*), r*, o, iv)
< —ME{V(x(*), %, io. i0) }-

For h > 0 which is sufficiently small, when ¢ € [f*, * + h],
it follows:

DYE{V(x(1), 1, o, i0)} < —AE{V(x(1), 1, o, i0)}
which means
E{V(x(r* + h), 7" + h, i, i0)} < B{V(x(*), *, io, io) }e 1"

and it is a contradiction of (35). Thus (34) holds.
Combining the continuity of function V(x(?),1, io, ip)
and (15), we have

E{V(x(t1). 11, 0 (11), 0" (11)) } < uB{V(x(t1). 11, io, i)}
< e (B[ e 10,
(37)
_On the other hand, let W(t,6 (1)) = W(t,0(1),0'(t)) =
MV (), t,0(t), 0’ (f)). Then, for any [ € N; and 0 €
[—17, 0], we have
— (A = 2)E{W(, 5 (1)}
 teT(u i)
(A + A2)E{W (2, 6 (1))}
te Tyt tiy1)

DYE(W(,6 (1)} <

whenever (13) holds.
For any [s1,s2) C Tu(#, ti+1), we claim that when ¢ €

[s1,52)
E{W(, 5 (1)} < eMHPDEDE(W (s, 5(s1))).  (38)

Suppose (38) is not true, i.e., there exists some ¢ € [s1, 52)
such that

E{W(t, 6(1)} > eF1 T EW (s, 6 (51)).

Similarly, set * = inf{tr € [s1,5) : E{W(,6(0))} >
E{W(s1, 5 (s1))}eP1 205D} - then

E{W(*, 5(*))} = E{W(s1, 5 (s1)) e (=),
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Moreover, there is a sequence {7,}neN . € (t*,s2) with and in this case, N(f;y1,1#) is an even number. On the other

lim,,_, o0 I, = ¢* such that hand, if the detection delay is equal to zero, it also has
E{W (5. (i)} > E{W(s1,6 (s1)))e1+72) Grms1) ey [11.17,)
. R1+7) (et E{W(, o (1))}, teln, 1
= E{W(r, 5 (r*))}et1+2) =) (39) ALY i n
{ —(5\1+5»2)t} e e(kl+)\2)(t [“)E{W(t;l ’ O-(lgl)) }’ S [lgl ’ tfz)
We further dei?ne ({(t) =e W(t, o (1)), then E{_W(ﬁzv 5(%))}’ te [tfza 43)
DYE(U()} = —Jae BV (x(1), 1,5 (1)) D CIR(W (A, 5 (1))} 1€ [fa 1)

+ e PIDTE(V(x(1), 1, 5 (1)),

From the deﬁniti_on _of t*, for any 0 € [—t, 0!, it_ follows: 6(5‘1”‘2) <’7t;(zv(r,+1,;,)71)>
E{W(r*. & (1)) Je1772)" = B(W (51,5 (s1)))elh +2)(TH07) < W (v y 7 (o)
> E{W( +60,5( +0))} ’ ’

IA

/ /
which means ' < Liovg -0 vy
E{W(t' ,6<t’
E{V(x(t* + 9)’ 40, 5(1‘* + 9))_} IN(t11.11) IN(fl/HJI)
< E(V(=(r) . 5 () < E(V(e(r), . 5()) e [ty 161)
(42)
and further
] . . o . and in this case, N(#;+1, #;) is an odd number.
min B{V(x(t" +6). " +6.1.j)} = gE{V(("). 1.5 () }. TThen, for any < i1, 1) 3 [y ovamsn) €
1, 1, s t.
Then, from (12) and (13), we have st fip1), we can obtain
- 5 E{W(t, ot
DYE(U()) < ~(a —1)e P EV((). o)) IO
- - ) = E{W<tzzv(z,q)v U(ﬁ/v(z,z,)))}
Without loss of generality, it follows:
DYE{U(*)} < 0. = E{MW@NWW 5(4(N<t,n)71))>}
Moreover, there exists a positive number /# which is suffi- = Ei pNGD=NE+ ]E{W(ZEN(,’U), 6(IZ(N(,’,I)_1))>}

cient small such that
DYE{U®)} <0, t €[, 1" +h].
It then follows:
B{W(* + h, & (7 + b))} < B{W(r*, 5 () }eC1+72)

3 7 J /
< E{MN(I»U)—N(MI)H ]IE e()‘1+)\2) (tIN(t,t[)_tl(N(t,t[)fl))

x W(IE<N(z,z/)—1)’ o (’%N(t,m—l))) }

_ x4+ (1 —1
which is a contradiction of (39). Thus, (38) is true. < E{MN(M) N(t’tl)Jrz]]E LM 2)(I’N<‘=’l> t’(NWl)—‘))
Furthermore, when ¢ € [s1,s52) € Ts(1, tj4+1), repeating a
similar analysis [similar to the proof of (34)], one can obtain X ]E{W(tE(N(,’tl)_l), o (tE(N(,,,I)_z)))}
E{W(t, o)} < E{W(s1,0(s1))}. (40) < EHMN(z,n)—N(t,n)H]E e(il+X2)(’§N<x,z,>_’E(Nm,)—l))
Combining (38) and (40), if the detection delay is nonzero,
it holds x ]E[ W(’E(Na,zn—z)’ o (IE(N(,,,,>_2)))]
Efw, 6(t))}_ ) < E{MN(l,tl)fN(t,tl)+3 ]IE e(j‘l+)_‘2)(t;N(t,t/)7’;(N(r,t/)—1)>
e HR2)DE{W (1, & (1))}, teln.1) =
E{W(tgl’ 6(t;l))}’ re [t;l’ t;2) X E{W(IE(N(,JI),Q), o (t;(N(,)tl),j,)))}
(M422) (1—1)) ;o= g L , ,
¢ WE{W (1, 6 (1))}, 1€ [t 1) - E{MN(t,tl)—N(t,t1)+3]E o C112) (tvieap ~thovcp-n)
/ - / / / —=
E{W (1.5 (1))} t € [ty 1)
' _ ) , « 6(5‘1+5‘2)<t;(1v<t,r,)2)t;(N(t.t,)z))}
< e(MHZ)(t_t’(N(f/H-f/)*l))
/ — (. XE[W(I;N 73,6<t;N _3 ))]
x E{W<tl(N(fl+1Jl)—1)’ G(II(N(UH,U)—U))} <. .. =3 W=
/ / - - -
L€ [ ) < E{uN 0 |B] et Tt B (w (1, 5.1)).
/ ~ / . . . .
E[W(tl]\](tprl,tl)! G(th(,lJrl,,,)))] And similarly, if [t;N(t,t]), t;(N(t,”)H)) € Tu(1, t141), it also
/ follows that:
Le th(ﬁHJl)’ tl+]) h

1) EWE ) < B{uNe0 Bl T mw (e, 6.w)).
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Then, without loss of generality, for any ¢ € [17, ;41), it
holds

E(W(t, (1)) o
< EfuVen }E{e@lf*z)ﬂf“—") JE(W @, 61))
< E{MN(tH_] St }E{e()ll'f'XZ)Ta(tH—l —11) }E{W(tl, a(m)}.
(43)

On the other hand, for any / > 0, it holds (44a) and (44b),
as shown at the bottom of this page.

Since
E{e(X]+X2)(t;j_t2i_])} = /00 eirHh)iz 0= gy
0
TR 70

then, based on Lemma 5, let s = ln\/—fto/)_q + 2 — 70,
we have

E{e(il +22) Taltiz1—17) }
N(tl+12.tl)+l
—JT

E (5»1-5-5»2—&0

N(t1+1, t7) is an odd number

<
- N(ig1.1)
E (i 2
Aitr—70
N(t141, ;) is an even number
(\/E1 + Kl)e(Klﬁl—ﬁl)(r/+1—r/)
- N(t141, ;) is an odd number

(1 + \/fl)e(Klﬁlfﬁ')(lHl*fz)

N(t+1, ;) is an even number

(45)
and without loss of generality
E{e(xl+)_~2)Ta(ll+1*t1)} < Kze(Klﬁl*ﬁl)(tHl*tl)
where K| = —ﬁo/)_q +)_\2—10 and K» = K; + \/fl =

max{vK; + K1, 1 + VK }.
In addition, if we let s = In(u), utilizing Lemma 5 again,
we can obtain

E{MN(IHIJI)] <1+ M)e(ﬂzﬁl_ﬁl)(tH,l—[]).

1103

Consequently, for any ¢ € [, #; + 1), it has

E{W(t,5(1)}) < K3 TEW (1, 5 (1))
< K31 EW (1, 5 (1))

= ME{W(, 6(1m)} (46)

where K3 = (1 + wka, ki = (u*> + Kpa' — 27!, ky =
[(u2 + K)(N — 1) —2]7!, and M = K315

From (15), for any ¢t > t;, iterating (46) from / = 1 to
= Ny(t,11) + 1, we can get

E{W(t, 5 (1)} < ME{W (tn, 1)1, 6 (tN, (tey+1)) }

< ;,LMZE{W(ING(t,n)» 6(tNa(tstl)))}
,u2M3E{W(fN,,(t,zl)—h 6(tNa(t,11)—1))}

ple 0N CTIRW (11, 6 (1)

INIATA

which means for any 7 > 1;

E{V(x(t),t,a(t),a/(t))} < MN{,(t,tl)MN,,(t,zl)He—il(t—zl)
x E{V(x(t), 11,0 (1), 0" (11))}.
47)
Combining (37) and (47), we have

E{V(x(®),1,0(1).0' (1)}
< pLN"(t’t1)+lMN"_(t’t1)+le_il(t_tO)CQ(]E{”S||})
= (uM)Ne 10 =21 (=10) o (B (£ 1)
5 ),
< (o FHE) 0 B
2 BE{IEN, t — to)
for any t+ > 1. Clearly, B(-,-) e KL _if arld only if
™ > In(uM)/r;. For any ¢ € (0, 1), take B = B/e € KL.

Obviously, (48) also holds for ¢t € [f9,#1). Then, using
Chebyshev’s inequality and the above inequality, for all 7 > #,

(48)

P{V(x(0),1,0(),0' @) = BE{IIEN}. 1 — 10)}
_ E{V(x(®).t,0(:),0' (1)} .

BELIEN}, £ — 1)
Define B(r, s) = afl o B(r, s), then
P{lx(| < BAE{IEN}, t —t0)} =1 —¢, V=1

where S(-,-) € KL. Thus, we complete the proof. [ ]

E{e(il"'j‘Z)Ta(UH—lz) } _

T / / Y by / 7 ()_L1+5\2) <t/ —7 )
E 1 cCatr2) () =t) (u+22) (t5=1) .. ., INQirog) (N () =1) (44a)
w, N(t141.,1) is an odd number
T ;) TR ;g (5»1+5»2) <I/ —7 )
B eG1+22) (=) o1 +22) (u=13) . . . IN(grn) IV () =1) (44b)
w, N(t141,17) is an even number
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APPENDIX C
PROOF OF COROLLARY 2
Proof: Take V(x(1),t,1,j) = xT(t)P,-jx(t), Pij = Pg > 0, for
any i,j € S. We assume that there exist 81 > 0 and 8 > 0
such that P; < Bil and P; < fyl, where [ is an identity
matrix with appropriate dimension.
When ¢ € T(1, t1+1), the system in (22) can be written as

dx = [(A; + BiK)x + Badt + g(t, x(t — d), i)dw. (49)

Then

LV(x,y,t,1,1)
= 2x" P;i[(Ai + BiKj)x + Bju]
N
1 . :
+ 58y, DPig(t 3, ) + Y mix! Pax
k=1

<x' |:(Ai + BiK)TP;; + Pii(A; + BiK;)
N

+ e1PiBiB Pii+ ) ni}cP,-ki|x +er uTu
k=1

1
+ EﬂlgT(L v, Dg(t, y, i)

<x' |:(Ai + BiK)" Pij 4 Pii(A; + BiK;) + 81_1 lull3

N
+ £1P;iBiB] Pij + Zﬂi}(Pik:|x + %ﬂlyTUiTUiy
k=1
for some €1 > 0, where y(t) = x(t — d(¢)), by considering the
fact that HFE + ETFTHT < ¢HHT + ¢~ 'ETE where ¢ > 0,
FFT <1I.
When t € T,(11, t7+1), the system in (22) can be written as

dx = [(A; + BiKj)x + Bjuldt + g(t, x(t — d), i)dw (50)
where i,j € S, and i # j. Similarly, we have
LV(x,y, 1,0, ) < xT[(Ai + BiK;)" Pyj + Pij(Ai + BiK))
+ &2PyB;B] P + 7)) (Pii — Pu)]x

1 _
+ EﬂzyTUiT Uy + &5 lull3

for some &, > 0.
For any non-negative definite matrix Q, we have

/ 1
x| > m”“”z

LY,y 1,0, 0) < T Ox + 5 13" Ul Uiy
LV(x,y.t,i,)) < xT x4+ 3oy Ul Uiy

where ¢ = min{eq, &2}, Amin(Q) denotes the minimal eigen-
value of matrix Q, and

®;i = (A; + BiKi)" Pii + Pii(A; + BiK))
N

+ &1P;iB;B! P;i + Z Th P+ Q
k=1
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®; = (Ai + BiKj) P + Pyj(A; + BiK;)
+ &2PBiB] Pjj + 7)) (Pii — Pyj) + Q.

Further, if

1
LV(x,y, 1,0, 1) < xT ®jx + EﬁlyTUTUiy

1

< —rx! Pix + Aqoy” Piy (51)
and
1
LY,y 1,0,) < 5T @yx+ 2 fay" Ul Uiy
< ax! Pyx + haoy” Pyy (52)

and (15) and (19) hold, then based on Corollary 1, the
conclusion is obtained.

On the other hand, the conditions in (51) and (52) can be
transformed into

(Ai + BiK))" Pii + Pii(A; + BiK;) + 1 P;iB;B! P;;

N
+Y TP+ Q+ 1Py <0 (53)
k=1
1
3B Ui = JoPi < 0 (54)

T
(Ai + BiK;)" Pyj + Pij(A; + BiK;) + e2P;iBiB] P;
+ 70(Pii — Py) + Q= 0Py <0 (55)

1
EﬁzUiT Ui — haoP;j < 0 (56)

where i,j € S and i # j. Using P;l to pre- and post-
multiply the left term of (53) and (54), respectively, and
denoting X;; = P;;', X;j = Pl.;l, Yi = KiXii, and Y = KiX;;
yields (24) and (25).

Similarly, using P ' 1o pre- and post-multiply the left
term of (55) and (56), respectively, yields (26) and (27). It
is easy to get that (51) and (52) hold, if the linear matrix
inequalities (24)—(27) hold. By taking proper A; and X,
i = 1,2, then there exists g such that (28) and (29) hold. And
further, by solving (15) and (24)—(27), we can get the control
gains K;, i € S. u
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